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Several experiments on tagged molecules or particles in living systems suggest that they move
anomalously slow – their mean squared displacement (MSD) increase slower than linearly with
time. Leading models aimed at understanding these experiments predict that the MSD grows as a
power law with a growth exponent that is smaller than unity. However, in some experiments the
exponent is so small (∼ 0.1− 0.2) that they hint towards other mechanisms at play. In this paper,
we theoretically demonstrate how in-plane collective modes excited by thermal fluctuations in a two
dimensional membrane lead to logarithmic time dependence for the mean square displacement of a
tracer particle.
I. INTRODUCTION
Macromolecules in crowded environments such as liv-
ing cells often diffuse slower than if they were free. In free
unbiased diffusion the mean squared displacement (MSD)
traveled by the macromolecule 〈r2(t)〉 would be propor-
tional to time t. However, several single–particle tracking
experiments show that 〈r2(t)〉/t is a decaying function of
time [1]. This behaviour is referred to as anomalous and
has been observed in tracking experiments such as flu-
orescently labelled mRNA molecules in the intracellular
volume [2], lipid granules in membranes of yeast cells
[3], membrane proteins in human kidney cells [4] and in
crowded media [5]. Altogether this suggest that anoma-
lous dynamics is a natural part of living systems.
To properly model and understand tracking experi-
ments in cells, we need better understanding of the origin
of anomalous dynamics. As of today there are three lead-
ing physical models: fractional Brownian motion (FBM),
continuous time random walk (CTRW), and diffusion on
fractals. FBM is a generalised Gaussian process with
slowly decaying correlations [6]. CTRW describes a par-
ticle that jumps in random directions with the time be-
tween consecutive jumps drawn from a waiting time dis-
tribution (possibly with a diverging first moment)[7]. For
diffusion on fractals the fractal is sometimes considered
to be a percolation cluster [8].
These frameworks share two important features. (i)
They describe single–particle diffusion processes, and (ii)
they give a MSD that grows as a sub–linear power law,
that is 〈r2(t)〉/t ∝ tα−1 for some exponent α < 1. Due
to (ii), the common approach to analyse tracer particle
∗Electronic address: ludvig.lizana@umu.se
motion is therefore to fit the MSD with a power–law. It
is, however, not always clear that a power–law is the best
functional form to use in the fitting procedure.
To better understand what other types of functional
forms that may be useful for MSD fitting and how a
system’s collective modes can influence the motion of a
single particle, we here investigate a simple physical sys-
tem where the MSD of a tracer particle does not follow a
power–law. Namely, the in-plane dynamics of a tracer
particle in a two dimensional elastic network or solid
membrane, where the dissipation happens either due to
friction against a solid support or interaction with a sur-
rounding viscous fluid. We quantify how a labeled par-
ticle in the membrane (tracer particle) fluctuates within
the membrane’s plane, i.e., lateral motion, and find that
the MSD grows logarithmically with time.
II. ELASTIC NETWORK MODEL
We model the membrane as a two dimensional isotropic
elastic network with beads interacting as a Hooke’s law
material. Apart from elastic forces, each bead experi-
ence stochastic forces from thermal fluctuations and drag
forces from the media that surrounds the membrane. We
will let the membrane interact with a solid surface on
one side, leading to friction with membrane–wall friction
constant ξ, and a viscous fluid (viscosity η) on the other
side, leading to hydrodynamic interactions between dif-
ferent parts of the membrane (see Fig. 1). To transform
this setup to a membrane with fluid on both sides, one
simply set ξ = 0 and double the viscosity η → 2η in all
equations below.
We label each bead by n = (nx, ny) and denote
u(n, t) = (ux(n, t), uy(n, t)) as the displacement vector
with respect to the particles’ equilibrium positions. We
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FIG. 1: Schematic figure of the elastic model. We model
the membrane as a two dimensional isotropic elastic network
with Hookian elastic properties towards both compressional
and shear stresses. The motion of each bead is governed by
spring forces as well as stochastic and drag forces from the
surroundings. We study the collective diffusive motion of a
tagged bead (tracer particle) in the membrane (blue). The
membrane rests on a solid support with a viscous liquid on
the other side.
will consider length scales that are large compared with
the nearest neighbor particle distances such that we can
treat n as continuous. Also, we will assume that the sys-
tem is large compared with the displacement of the beads
during the time of observation so that we can treat the
system as infinitely large. Thus we have the equation of
motion∫ ∞
−∞
d2n′ B(n− n′) · ∂u(n
′, t)
∂t
= (1)
µ∇2nu(n, t) + (λ+ µ)∇n(∇n · u(n, t)) +w(n, t)
where ∇n = ( ∂∂nx , ∂∂ny ), and λ and µ are the first and
second Lame´ parameters that describe the membrane’s
elastic properties [9, 10]. The tensor B(n − n′) repre-
sents the friction (the expression for it is given in Fourier
space below), and w(n, t) is a zero-mean, 〈w(n, t)〉 = 0,
Gaussian white noise. The correlations of w(n, t) is de-
termined by the fluctuation-dissipation theorem to be:
〈wα(n, t)wβ(n′, t′)〉 = 2kBTδ(t− t′)Bαβ(n− n′), (2)
where 〈...〉 denotes ensemble average and kBT is thermal
energy.
To proceed we write the displacement in terms of
Fourier modes as
u(n, t) =
∫ ∞
−∞
d2q
(2pi)2
∫ ∞
−∞
dω
2pi
u(q, ω) eiq·n−iωt (3)
This transforms Eq. (1) into
−iωB(q) · u(q, ω) = (4)
−µq2u(q, ω)− (λ+ µ)q[q · u(q, ω)] +w(q, ω)
where q = |q|. We point out that an equation similar
to Eq. (1) was introduced in [11] for out–of–plane mem-
brane fluctuations. In contrast, our equations describe
in–plane fluctuations, but it is in any case interesting to
note that Eq. (1) overlaps with the equations in [11] if
we set λ+ µ = 0.
In order to solve Eq. (4), it is convenient to split the
displacement vector and friction tensor into in–plane lon-
gitudinal (l) and in–plane transverse (t) directions
u(q, ω) = ul(q, ω)qˆ + ut(q, ω)tˆ (5)
B(q) = Bl(q)qˆqˆ +Bt(q)tˆtˆ (6)
where tˆ is orthogonal to qˆ = q/q, and [12]
Bl(q) = ξ + 2ηq (7)
Bt(q) = ξ + ηq (8)
After splitting, we find from Eq. (3) that
ul(q, ω) =
wl(q, ω)
q2(λ+ 2µ)− iωBl(q) (9)
ut(q, ω) =
wt(q, ω)
q2µ− iωBt(q) (10)
Equations (9) and (10) are our starting point for fur-
ther analysis. We will consider a tracer particle that is
pushed around by the in–plane noise. To characterise its
motion, we will calculate the tracer particle’s MSD.
III. IN–PLANE TRACER PARTICLE
FLUCTUATIONS IN A MEMBRANE
To analyse a tracer particle’s motion in a fluctuating
membrane, we study how a tagged piece of the membrane
(i.e a bead in the elastic network) explores space. In
particular we calculate the MSD 〈δun(t)2〉 ≡ 〈[u(n, t) −
u(n, 0)]2〉 in the membrane’s plane. We will assume that
the system is in a stationary state, which means that
〈u(n, t) · u(n, t′)〉 = 〈u(n, |t− t′|) · u(n, 0)〉, and leads to
〈δun(t)2〉 = 2[〈u(n, 0)·u(n, 0)〉−〈u(n, t)·u(n, 0)〉]. (11)
As before we split the correlation 〈u(n, t)·u(n, t′)〉 into its
longitudinal part, Cl(t) = 〈ul(t)ul(0)〉, and correspond-
ing transverse part:
〈u(n, t) · u(n, t′)〉 = Cl(t− t′) + Ct(t− t′), (12)
where in terms of Ct(t) and Cl(t) the 〈δun(t)2〉 is
〈δun(t)2〉 = 2
(
[Ct(0)− Ct(t)] + [Cl(0)− Cl(t)]) . (13)
First we calculate Ct(t). To achieve this, we use
ut(q, ω) from Eq. (10) and the noise autocorrelation
function
〈wα(q, ω)wβ(q′, ω′)〉 = 2kBT (2pi)3δ(ω+ω′)δ(q+q′)Bαβ(q).
(14)
3This leads to
Ct(|t− t′|) =
∫ ∞
−∞
d2q
(2pi)2
∫ ∞
−∞
dω
2pi
e−iω(t−t
′)
×2kBT
Bt(q)
1
[µq2/Bt(q)]2 + ω2
(15)
=
kBT
µ
∫ ∞
−∞
d2q
(2pi)2
e−µq
2(t−t′)/Bt(q)
q2
,
for t > t′. Based on this we find
Ct(0)− Ct(t) = kBT
µ
∫ ∞
0
dq
2pi
1− e−µq2t/Bt(q)
q
≡ ∆
t
2
.
(16)
where ∆t is the transverse contribution to the 〈δun(t)2〉.
However, the integral in Eq. (16) diverges for large wave
numbers q. To overcome this problem, we introduce the
cutoff Λ that is on the order of the inverse distance be-
tween beads in the elastic model. With this cutoff, Eq.
(16) reads
∆t =
kBT
µ
∫ Λ
0
dq
pi
1− e−µq2t/Bt(q)
q
(17)
The corresponding expression for ∆l is the same but with
µ replaced by λ+ 2µ and η by 2η.
To find the long time dynamics of 〈δun(t)2〉, we need
to find the asymptotic behavior of ∆t and ∆l. To that
end, we investigate two cases: ξ 6= 0 and ξ = 0. These
correspond to a membrane that is supported by a solid
interface on one side and viscous liquid on the other (ξ 6=
0), and liquid on both sides (ξ = 0, but then with η → 2η
to reflect the doubling of the liquid).
A. Case 1: ξ 6= 0
Here we substitute y = q
√
µt/ξ to get
∆t =
kBT
µ
∫ Λ√µt/ξ
0
dy
pi
1− e−y2ξ/Bt(y/
√
µt/ξ)
y
(18)
We now split the integration into two parts, according to
whether y is above or below a parameter  that we choose
such that 1    min{√µtξ/η,Λ√µt/ξ}. For y < 
we can approximate Bt(y/
√
µt/ξ) ∼ ξ and for y >  we
can ignore the exponential term in the numerator. This
gives
∆t ∼ kBT
piµ
(∫ 
0
dy
1− e−y2
y
+
∫ Λ√µt/ξ

dy
1
y
)
(19)
From these integrals we find when  1 that
∆t ∼ kBT
2piµ
[
ln
(
µΛ2
ξ
t
)
+ γ
]
(20)
where γ = 0.577 . . . is Euler’s constant. Again, to get the
longitudinal part ∆l we replace µ by λ+2µ in ∆t. Adding
∆l and ∆t in Eq. (13) gives the asymptotic behavior
〈δun(t)2〉 ∼ kBT (λ+ 3µ)
2piµ(λ+ 2µ)
ln t ∝ ln t (21)
Thus, a tracer particle in a supported membrane has a
MSD proportional to the logarithm of time.
B. Case 2: ξ = 0
In this case we have (after replacing η with 2η)
∆t =
kBT
µ
∫ Λ
0
dq
pi
1− e−µqt/(2η)
q
(22)
This integral can be evaluated directly and has the
asymptotic behaviour
∆t ∼ kBT
piµ
[
ln
(
µΛ
2η
t
)
+ γ
]
(23)
As before, we get ∆l by letting µ→ λ+ 2µ and doubling
the viscosity: 2η → 4η. For large times, we find that
〈δun(t)2〉 ∼ kBT (λ+ 3µ)
piµ(λ+ 2µ)
ln t ∝ ln t (24)
Thus, like for a supported membrane (ξ 6= 0) the MSD
grows logarithmically with time. Note, however, that the
result above differ from the ξ 6= 0 – case by a factor of 12 .
IV. SUMMARY AND CONCLUDING
REMARKS
In this paper we show that the mean squared displace-
ment of a tracer particle in a solid membrane move loga-
rithmically slow. This type of logarithmic time evolution
could, in some cases, serve as a complement to exist-
ing models used to interpret single–particle tracking ex-
periments, foremost fractional Brownian motion (FBM)
and continuous time random walks (CTRW), that predict
power–law dynamics. For example, as an alternative in-
terpretation of molecular dynamics simulations of lipids
in lipid membranes [13], where fitting a power–law yields
a very small exponent (α ≈ 0.16).
The logarithmic dynamics in our model stems from
collective motion of the membrane. Such collective be-
haviour cannot be described by FBM and CTRW that
are single particle models that predict power–law dy-
namics. However, we point out that there are several
single–particle processes different from ours that exhibit
logarithmic time evolution. We here mention three ex-
amples: (i) Sinai diffusion [14] where a particle moves
in an energy landscape with power–law distributed en-
ergy barriers, (ii) extreme value problems such as record
4statistics [15] where the logarithm comes from the in-
creasing difficulty to break new records, (iii) hitchhiking
between cities can lead to logarithmic time evolution for
the number of cities visited at time t [16]. See also [16]
for a larger list of examples of logarithmic time evolution.
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